The dynamical structure of topologically massive gravity in the context of the Faddeev-Jackiw symplectic approach is studied. It is shown that this method allows us to avoid some ambiguities arising in the study of the gauge structure via the Dirac formalism. In particular, the complete set of constraints and the generators of the gauge symmetry of the theory are obtained straightforwardly via the zero-modes of the symplectic matrix. In order to obtain the generalized Faddeev-Jackiw brackets and calculate the local physical degrees of freedom of this model, an appropriate gaugefixing procedure is introduced. Finally, the similarities and advantages between the Faddeev-Jackiw method and Dirac's formalism are briefly discussed. 
it would be interesting if one could systematically obtain the constraints that eliminate such ghost fields. This approach would also be helpful to understand the gauge structure and the physical content of this kind of theories. In this work, we are interested in the study of the three-dimensional version of a massive gravity theory.
It is well known that the key ingredient for understanding the physical content of a gauge dynamic system lies in the identification of the physical degrees of freedom along with observable quantities and symmetries. Therefore, in a gauge theory it is essential to make the distinction between gaugeinvariant (gauge-dependent) quantities, which do (do not) correspond to observable quantities [14, 15] , though the former are not necessarily present at the quantum level. The task of identifying the symmetries and observable quantities in a physical theory is, in general, non trivial, specially in gauge theories with general covariance, such as general relativity. Nevertheless, there are two approaches to obtain in a systematic way the symmetries and conserved quantities of a particular physical theory: Dirac's formalism [16] and Faddeev-Jackiw [FJ] method [17] . In the former approach, it is necessary to classify all constraints into first-and second-class ones. As a consequence, the physical degrees of freedom can be exactly counted, and a generator of the gauge symmetry can be constructed as a suitable combination of the first-class constraints in order to identify the physical observables [18] . Furthermore, the brackets to quantize a gauge system (Dirac's brackets) can be obtained by getting rid of the second-class constraints [19, 20] . On the other hand, the F-J method provides a symplectic approach for constrained systems based on a first-order Lagrangian. The basic feature of this approach is that one it is not necessary to classify the constraints into firstand second-class ones. Still, several essential elements of a physical theory, such as the degrees of freedom, the gauge symmetry and the quantization brackets (generalized F-J brackets) can also be obtained (see [21, 22, [25] [26] [27] for a review). In this framework, the non-null F-J brackets emerge from the symplectic matrix. For a gauge system, this matrix remains singular unless a gauge-fixing procedure is introduced. In addition, the generators of the gauge symmetries are given in terms of the zero modes of this symplectic matrix. In this respect, the F-J symplectic method provides a straightforward effective tool to deal with gauge theories because it is algebraically simpler than Dirac's formalism. In particular, if secondary, tertiary, or higher order constraints are present.
Quite recently, the F-J symplectic method has proved useful in the study of many physical theories, for instance in the construction of Maxwell-inspired SU (3)-like and SU (3) ⊗ SU (2) ⊗ U (1) nonAbelian theories [28] , as well as noncommutative gauge theories [29] . Furthermore, this approach not only has been useful to study non-Abelian systems [30] , hidden symmetries [31] and self-dual fields [32] , but also to quantize massive non-Abelian Yang-Mills fields, and to study the extended Horava-Lifshitz gravity [34] . For other works on the F-J symplectic approach we refer the interested reader to Ref. [35] [36] [37] .
The purpose of the present work is to present a detailed study of three-dimensional topologically massive gravity (TMG) in a completely different context to that presented in [38, 40, 41, 45] . It is well-know that the canonical analysis of TMG is a large and tedious task since there are present secondary, tertiary and quartic constraints with a complicated algebra [41, 45] . On the other hand, it is possible that if one step of the Dirac's formalism is either incorrectly applied or omitted [46, 48] , the results could be incorrect [40, 45] . In this respect, we will apply the F-J symplectic approach to systematically obtain the constraints necessary to remove the unphysical degree of freedom of the theory, the gauge symmetries, and the fundamental F-J brackets by introducing an appropriate gauge-fixing procedure. Moreover, the similarities and advantages between this procedure and Dirac formalism will be discussed. It also will be shown that the physical degrees of freedom, the gauge symmetries and the brackets to quantize agree with those found via the Dirac method in [40, 41, 45] .
The rest of the paper has been organized as follows. In Sec. II, we show that the F-J symplectic method applied to TMG leads to an alternative way for identifying the dynamical constraints. In Sec. III, the gauge transformations are obtained using the zero-modes of the symplectic 2-form matrix. In Sec. IV, we show that both the fundamental F-J brackets and the physical degrees of freedom are obtained by introducing a gauge-fixing procedure. In Sec. V, we present a summary and the conclusions.
II. FADDEEV-JACKIW SYMPLECTIC APPROACH TO TMG
The action for TMG can be written as [40, 41, 45] 
where µ is the Chern-Simons parameter, θ = 1/16G, and
on the adjoint representation of the Lie group SO(2, 1), which admits an invariant totally antisymmetric tensor f ijk . Furthermore e i = e i µ dx µ is a triad 1-form that represents the gravitational field and F i is the curvature 2-form of the connection A i , i.e.,
is a Lagrange multiplier 1-form that ensures that the torsion vanishes
The equations of motion that arise from the variation of the action (1) with respect to the dynamical variables e α i , A α i and λ α i are given, in addition to some total derivative terms, by
From the second and third equation in (2), the Lagrange multiplier λ µ i can be solved in terms of the Schouten tensor of the manifold M
The manifold is endowed with a space-time metric, g µν = e µ i e ν j η ij . Furthermore, since the torsion vanishes, the spin-connection A µ i is a function of the dreibein e µ
where Γ β αµ is the Christoffel symbol. Inserting the relation (3) into the first equation of (2, one gets the usual field equation of TMG [2, 38] in the second-order formalism
where G µν ≡ R µν − 1 2 g µν R is the Einstein tensor, and C µν ≡ ǫ µ αβ ∇ α S βν is essentially the (symmetric traceless ) Cotton tensor obtained from varying the gravitational Chern-Simons term with respect to the metric, with ∇ = ∂ + Γ the covariant derivative for the Christoffel connection. In addition, the particle content of this theory can be seen by performing a linearized approximation to the field equations about a Minkowski background [2] (see appendix A).
In order to perform the symplectic analysis, we will assume that the manifold M is topologically Σ × ℜ, where Σ corresponds to a Cauchy's surface without boundary (∂Σ = 0) and ℜ represents an evolution parameter. Here, x µ are the coordinates that label the points of the 3-dimensional manifold M. In our notation, Greek letters run from 0 to 2, while the middle alphabet letters (i, j, k, ...) run from 1 to 3.
By performing the 2 + 1 decomposition of our fields without breaking the internal symmetry, we can write the action (1) as
where
, and the covariant derivative of
Here a, b = 1, 2 are space coordinate indices (the dot represents a derivative with respect to the evolution parameter). From (6) we can identify the following first-order Lagrangian density
From the variational principle applied to the Lagrangian density (7), it is possible to write the symplectic equations of motion as
, which is clearly antisymmetric, is known as the symplectic two-form, which yields the following symplectic variable set
, and the symplectic potential V (0) given by
By using the symplectic variables, we find that the symplectic matrix f (0) ij can be written as
Clearly f (0) ij is degenerate, which means that there are more degrees of freedom in the equations of motion (8) than physical degrees of freedom in the theory. We thus have a constrained theory, with constraints that must remove the unphysical degrees of freedom. The zero-modes of this matrix turn out to be (v (8) by these zero-modes, we can obtain the following primary constraints
Following the prescription of the symplectic formalism, we will analyze wheter there are new constraints. For this aim, we impose a consistency condition on the constraints (11) as in the Dirac method:
which means that these constraints must be preserved in time. The consistency condition on the primary constraints (12) and (8) can be rewritten as
Thus the new symplectic matrix f (1) kj is given by
Although f
kj is not a square matrix, it still has the following linearly independent zero-modes
2
3
On the other hand, the matrix Z
By performing the contraction of the two sides of (13) with the zero-modes (16), we can obtain the following constraints
The substitution Ω (0) = 0 guarantees that these constraints will drop from the remainder of the calculation. After a lengthy but straightforward calculation, from (18) we obtain the explicit form of the secondary constraints
This agrees completely with what was found in [41] by using the Dirac approach, however, in this formalism the constraints (19) arise as tertiary and quartic constraints, respectively. Furthermore, we can impose the consistency conditions on (19) to obtain the following system
where we have now
It is easy to see that, even after calculating the symplectic matrix f (2) kj and inserting the above constraints (19) , the zero-modes do not yield new constraints, which means that there are no further constraints in the theory, and thus our procedure comes to an end. We can now introduce the Lagrange multipliers for the constraints (11) and (19) into the Lagrangian density (7) in order to construct a new one
where the new symplectic potential V (3) vanishes since it is a linear combination of constraints reflecting the general covariance of the theory, namely,
On the other hand, the new Lagrange multipliers enforcing the constraints areα
. Therefore, the new symplectic variable set is taken as
Thus, the corresponding symplectic 1-form is
By using these symplectic variables, an explicit calculation yields a singular symplectic matrix
i (ξ). However, we have shown that there are no more constraints, therefore, the theory must have a local gauge symmetry. The zero-modes of f (3) ij turn out to be
III. GAUGE SYMMETRY
It is well-known that the gauge symmetry determines the physical content of any gauge theory, therefore we need to know explicitly the fundamental gauge transformations of the theory. In agreement with the prescription of the symplectic formalism [22] [23] [24] 31] , the zero-modes correspond to the generators of the gauge symmetry of the original theory (1) (see Appendix B), i.e.
where { v
} is the whole set of zero-modes of singular symplectic matrix f (3) ij and ǫ l stand for arbitrary infinitesimal parameters. By using this fact, the generators (25) yield the following fundamental gauge transformations of the basic fields
where ζ i , κ i and ς i are the time-dependent gauge parameters. It is worth remarking that (27) correspond to the gauge symmetry of the theory, but not to diffeomorphisms. Nevertheless, it is known that an appropriate choice of the gauge parameters does, indeed, generate diffeomorphism (on-shell) [42, 45, 47] . Thus, we can redefine the gauge parameters as
where ε µ is an arbitrary three-vector. In this manner from the fundamental gauge symmetry (27) and the mapping (28), we obtain
which are (on-shell) diffeomorphisms. On the other hand, diffeomorphism invariant theories have the Poincaré transformations, as off-shell symmetries, by construction [43, 44] . Thus, in order to recover the Poincaré symmetries, we need to map the gauge parameters of fundamental gauge symmetries 'δ G ' (27) into those of the Poincaré symmetries. This is achieved through the field-dependent map between the gauge parameters (27) and the Poincaré ones [42] :
where ε µ and ω i are the parameters of translations and local Lorentz rotations, respectively, which together constitute the 6 gauge parameters of Poincaré symmetries in 3D. By using this map, it is seen that the gauge symmetries indeed reproduce the Poincaré symmetries, but modulo terms
proportional to the equations of motion
where the equations of motion (δe) νi , (δA) νi and (δλ) νi are defined in (2) . We thus conclude that the Poincaré symmetry (31) as well as the diffeomorphisms (28) are contained in the fundamental gauge symmetry (27) only on-shell. In addition, the generators of such gauge transformations can be represented in terms of the zero-modes, thereby making evident that the zero-modes of the symplectic two-form encode all the information about the gauge structure of this theory.
IV. FADDEEV-JACKIW BRACKETS
Finally, in order to invert the symplectic matrix and obtain the generalized Faddeev-Jackiw brackets and identify the physical degrees of freedom, we must introduce a gauge-fixing procedure, that is, new "gauge constraints". For convenience, we use the temporal gauge, namely, A i 0 = 0, e i 0 = 0, λ i 0 = 0 and ϕ = cte (i.e.φ = 0). As a direct consequence, the term Λ 0a vanishes in the Lagrangian density. In this manner, we also introduce new Lagrange multipliers that enforce the gauge conditions, namely, ρ i , ω i , τ i and σ. Then, the final 1-form Lagrangian density reduces to
Thus, we can identify the final symplectic variable set
with the corresponding symplectic 1-form
After some algebra, we obtain the explicit form of the symplectic two-form f 
which is non-singular and has the following inverse f 
The generalized Faddeev-Jackiw bracket {, } F −J between two elements of the symplectic variable set (33) , is defined as
We thus arrive at the non-vanishing Faddeev-Jackiw brackets for TMG
These F-J brackets coincide with the Dirac brackets reported in [41] . In addition, we can carry out the counting of degrees of freedom as follows. There are 18 canonical variables (e 
. Thus, we conclude that 3D TMG has one physical degree of freedom (number of canonical variables − number of independent constraints ), corresponding to the massive graviton, as expected.
V. SUMMARY AND CONCLUSIONS
In this paper, the dynamical structure of TMG theory has been studied via the F-J framework.
We have obtained the fundamental gauge structure as well as the physical content of this theory in an alternative way to that reported in [40, 41, 45] . It was shown that in the F-J approach is not necessary to classify the constraints into first-and second-class ones. In this respect, all the constraints are treated at the same footing. The correct identification of the constraints of TMG theory allowed us to show that there is one local physical degree of freedom, and obtain the gauge generators that yield the Poincaré symmetries and the diffeomorphisms by mapping the gauge parameters appropriately. Thereafter, the quantization brackets (F-J brackets) were obtained. Our results coincide with what has been previously obtained via the Dirac approach [41] .
It is worth mentioning that there is no one-to-one correspondence between the constraints that we have obtained via the F-J method and those found via the Dirac formalism [41] , though both approaches yield the same results. Our study suggests that the F-J method turn out to be more economical, unambiguous and straightforward than Dirac's one. Finally, we would like to comment that according to our results the F-J approach could be useful for studying interesting features of models of massive gravity, which include TMG as a particular sector, for instance, topologically massive AdS gravity. This idea is in progress and will be the subject of forthcoming works [49] . In this appendix, using the metric formulation of TMG given by the equation (5), we study the linearized theory as a perturbation of the metric about a Minkowski background solution, writing
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whereḡ µν is the Minkowski metric and h µν is the perturbation. To first-order in this perturbation, the Ricci tensor and the Ricci scalar, are given by
here h ≡ḡ µν h µν , and∇ is the covariant derivative constructed with the background metric. Using these expressions one can build the first-order correction of the Einstein, and Cotton tensors as
On the other hand, the linearized Bianchi identity becomes
The last term in the right hand side of (A5) is totally antisymmetric on µ and ν, and therefore merely subtracts the antisymmetric piece from the first term in the right hand side of (A5). We alternatively have
Note also that it is not hard to verify that
Then, the first-order correction of Eq. (5), is given by
Furthermore from the trace of this equation one finds that: R (1) = 0, independent of µ. Substituting this back, we therefore find that the Eq. (A9) can be written as
Now we consider the transverse (divergenceless) and traceless conditions on the Minkowski background as∇ µ h µν = 0, and h µ µ = 0.
By making use of these conditions (A11), the equation (A10) may be recast into the following form
Furthermore, this equation can be expressed compactly as
by introducing two mutually commuting operators as
Since the two operators conmute, the equation (A13) has two branches of solutions. First, the massive graviton h 
The other branch is massless gravitonh µν , given by
which is also solution of Einstein gravity: G µν = 0. Now, let us define the linear operator O(−µ)
α , which conmute with O(µ). By acting on (A15) with O(−µ), we get the second-order equation for massive graviton
Similarly, in the massless case, the second-order equation is given bȳ
Then, the mass of the massive graviton can be identified by comparing the second-order equation of motion of massive graviton with that of massless graviton, therefore, the mass of massive graviton is m = µ 2 . In addition, the equation (A15) propagates a single mode, which has spin-2, because h is a symmetric traceless second-order tensor, therefore, the equation (A17) 
here Ω a 's are the complete set of FJ constraints and either ξ's or γ's form a set of gauge fields. Now, the symplectic matrix, namelyf kl , constructed out with the ξ i variables is not singular, hence detf kl = 0. Now let us call to f the symplectic matrix constructed out by using the ξ's and γ's, that symplectic matrix is singular and will be given by
hence (B2) may have M zero-modes of the form
where (1 a ) is a (M × 1) column of zeros except its a-th entry [24] . Now, let us assume that the gradient of the potential is orthogonal to all zero-modes, hence, they must be the generators of the symmetry transformation that leave the action invariant. In this manner, the symmetry of the action over the constraint surface is given by
here ǫ l form a set of infinitesimal parameters that characterize the transformations. It is important to comment that these transformations may reflect either the gauge or reparametrization properties of an invariant theory [24] . In fact, the first relation of the transformations (B4) are equivalent one to the Dirac gauge transformations obtained from the first class constraints. The latter has not an easy description in the canonical formalism, this can be seen in models such as Floreanini and Jackiw chiral boson and 2D Maxwell fields [50] .
Furthermore, let us finish the appendix showing the invariance of the action. In fact, it is wellknown, the symmetries are defined by those variation δξ such that the functional variation of the action vanish, this is
Therefore, this expression defines the gauge symmetry; if there exists some variation δξ k satisfying the Eq. (B5), then the transformation
is a symmetry of the action S. Hence, we can construct a variation δξ k satisfying (B5) on the constraints surface, given as
Therefore, since (v l ) i are the zero-modes on the constraints surface, they must satisfy the equation of motion, i.e.
And this shows that the action is invariant under displacements in directions orthogonal to the gradient of the potential.
